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Abstract 

The radial probability measures on MP are in a one-to-one correspondence with prob- 
ability measures on [0, oo[ by taking images of measures w.r.t. the Euclidean norm map- 
ping. For fixed v S M 1 ([0, oo[) and each dimension p, we consider i.i.d. Revalued random 
variables X^,X^, ■ ■ ■ with radial laws corresponding to v as above. We derive weak and 
strong laws of large numbers as well as a large deviation principle for the Euclidean length 
processes S\ := \\Xf + . . . + X?\\ as k,p — » oo in suitable ways. In fact, we derive these 
results in a higher rank setting, where MP is replaced by the space of p x q matrices and 
[0, oo[ by the cone H q of positive semidefinite matrices. Proofs are based on the fact that 
the (S%)k>o form Markov chains on the cone whose transition probabilities are given in 
terms Bessel functions J M of matrix argument with an index [i depending on p. The limit 
theorems follow from new asymptotic results for the J M as /i — * oo. Similar results are 
also proven for certain Dunkl-type Bessel functions. 

KEYWORDS: Bessel functions of matrix argument, matrix cones, Bessel functions as- 
sociated with root systems, asymptotics, radial random walks, laws of large numbers, large 
deviations. 



1 Introduction 

This paper has its origin in the following problem: Let v € M 1 ([0, oof) be a probability 
measure. For each dimension p G N consider the time-homogeneous random walk (S^)k>o on 
M p which starts at time k = at E MP and makes a random jump at each time step with 
uniformly distributed direction and a size with distribution v where the sizes and directions 
are independent of each other and of the earlier ones. As the distributions of the are radial, 
we study \\S^.\\ with the usual Euclidean norm ||.||. Now let (pk)keN C N be a sequence of 
dimensions with k — > oo. Our aim is to find limit theorems for the [0, oof- valued random 
variables ||^ fc || as k — > oo for suitable sequences (pk)keN C N of dimensions and suitable 
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measures v. This is an interesting question even for point measures v = 5 r for r > 0. We 
only have to exclude the trivial case v = 5q, which we shall do from now on. 

To get a first feeling for possible results, assume that v has second moment c 2 (^) := 
| °°r 2 dvir) G]0,oo[. For each dimension p there is a unique radial measure v p G M 1 (W) 
with v as its radial part, i.e., for the norm mapping cp p : MP — ► [0, oof, x t— > ||x||, we have 
(Pp{vp) = v. We then may realize the random walk {S^)k>o as = Ya=o-^i f° r i-i-d- 
valued random variables with laws f p which admit second moments. The classical CLT 
on R p and the well-known relation between the standard normal distribution on K p and 
the x 2 -distribution Xp with p degrees of freedom imply after some short computation that 
for fixed p and k — > oo, the variables k .Ji^ \\S^. || 2 tend in distribution to Xp- Moreover, 
as Zp/p tends to 1 in probability for x 2 -distributed random variables Z p , we obtain that 
- * \f a2 (y) i n probability if we first take k — > oo and then p — > oo. We already 
observed in [VI] that this result remains correct for other combinations of k,p — > oo: 

1.1 Theorem. Assume that v G M 1 ([0,oo[) has the second moment o~ 2 {v) e]0, oo[. Then 
for each sequence (pfc)fceN C N o/ dimensions with lim^^p^ = oo, 

\\S^ k W/Vk — > \J o~ 2 (v) in probability. 

One purpose of this paper is to prove an associated strong law. For simplicity we will 
assume that u has a compact support. 

1.2 Theorem. Assume that v G M 1 ([0,oo[) has compact support. Let (pk)keN C N and 
(^fc)fcGN C N sequences of dimensions and time steps with the following properties: 

(1) lmifc-too Pk/k a = oo for all a E N; 

(2) limfe^oo p fc /(n|(ln /c) 2 ) = oo; 

(3) lim^oo^/On/i;) 2 = oo. 

Then 

1 1 1 1 / V^k ~^ V cj2 ( l/ ) almost surely. 

For the case = fc, only condition (1) on the dimensions remains, i.e., the dimensions 
have to grow faster than any polynomial. Unfortunately, we are not able to get rid of this 
strong growth condition. We shall discuss the conditions also in Section 4 below. Besides 
these laws of large numbers we shall also derive a large deviation principle for S^ k in Section 
5 under the condition that p^ grows faster than exponentially. 

Theorems 11.11 and 11.21 and . in part, also this large deviation principle will appear as special 
cases of extensions of these results in two directions. 

The first extension concerns a higher rank setting. We consider the following geometric 
situation: For fixed dimensions p, q G N let M Pt g = M Ptg (¥) denote the space of p x (/-matrices 
over one of the division algebras F = M, C or the quaternions EI with real dimension d = 1, 2 or 
4 respectively. This is a Euclidean vector space of (real) dimension dpq with scalar product 
(x,y) = 9Ur(x*y) where x* := x l , d\t := \{t + t) is the real part of t G F, and tr is the 
trace in M q := M q ^ q . A measure on M P)9 is called radial if it is invariant under the action 
of the unitary group U p = U p (¥) by left multiplication, U p x M P:q — ► M p>q , (u,x) i— ► ux. 
This action is orthogonal w.r.t. the scalar product above, and, by uniqueness of the polar 
decomposition, two matrices x, y G M Ptq belong to the same C/ p -orbit if and only if x*x = y*y. 
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Thus the space M Pt q of C/ p -orbits in M Ptq is naturally parameterized by the cone H q = Ilg(F) 
of positive semidefinite q x (/-matrices over F. We identify M p * q with Ii q via U q x ~ (x*x) ' , 
i.e., the canonical projection M P)Q — > M p ^ will be realized as the mapping 

ip p : M PA -> Ilg, x^(x*x) 1/2 . 

The square root is used here in order to ensure for q = 1 and F = R that 111 = [0, oof and 
<p p (x) = \\x\\, i.e. the setting above appears. By taking images of measures, the mapping 
ifp induces a Banach space isomorphism between the space M b 9 (M Ptq ) of all bounded radial 
Borel measures on M Pyq and the space Mb(Tl q ) of bounded Borel measures on the cone IL q . 
In particular, for each probability measure v G M 1 (Ug) there is a unique radial probability 
measure v p G M 1 (M Pj(j ) with ip p {v p ) = v. We shall say that v G M l (JX q ) admits a second 
moment if J" n ||s|| 2 dv(s) < oo where again, [|s|| = (irs 2 ) 1 / 2 is the Hilbert-Schmidt norm. In 
this case, the second moment of v is defined as the matrix-valued integral 

a 2 (y) : = / s 2 dv(s) G U q . 

With these notions, we shall derive the following generalizations of Theorems 11.11 and ll.2t 

1.3 Theorem. Let v G M l (Jl q ) be a probability measure with finite second moment cP'iy) G 
Ilg. For each dimension p G N consider the unique U p -invariant probability measure v p G 
M (M p>q ) with <p p (v p ) = v- Furthermore, let (Xf)i e fq be a sequence of i.i.d. M ps -valued 
random variables with law v p . Then for each sequence (pk)keN C N of dimensions with 
Imifc^ooPfc = oo, 

! k 

—j=ip Pk Xf k ) — > \J o~ 2 (v) G IL q in probability. 
Vk l=1 

1.4 Theorem. Let v G M 1 (II 9 ) be a probability measure with compact support. For each 
dimension p G N consider the unique U p -invariant probability measure u p G M l (M P:q ) with 
ip p {u p ) = v. Furthermore, let (Xf)i^fq be a sequence of i.i.d. M pA -valued random variables 
with law u p . Let (pk)keN C N and (n^ken C N sequences of dimensions and time steps with 
the following properties: 

(1) limfc-too Pk/k a = oo for all a G N; 

(2) lim fe ^ 00 p fc /(n^(lnA;) 2 ) = oo; 

(3) lim^oonfc/^lnA;) 2 = oo. 

Then (p Pk (Y2?=i -^i k ) I \T^h tends to \J o~ 2 {v) G Ilg almost surely. 

We next turn to a further generalization of these theorems. Consider again the Ba- 
nach space isomorphism between M^ q (M p ^ q ) and Mf,(IIg). The usual group convolution on 
M P; g induces a Banach-*-algebra-structure on M&(II 9 ) such that this isomorphism becomes 
a probability-preserving Banach-*-algebra isomorphism. The space Ilg together with this 
new convolution becomes a commutative orbit hypergroup; see [J] and [BH] for a general 
background and |R3] for our specific example. It follows from Eq. (3.5) and Corollary 3.2 of 
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|R3j that in case p >2q, the convolution product of two point measures on U q induced from 

M Pt<1 is given by 



with p := pd/2, p := d(q — \ ) + 1, 

D q := {v G M q : v*v < 1} 

(where v*v < I means that / — v*v is strictly positive definite), and with the normalization 
constant 



The convolution of arbitrary measures is just given by bilinear, weakly continuous extension. 

It was observed in |R3j that Eq. (jl.ip defines a commutative hypergroup actually for all 
indices p G R with p > p — 1. In all cases, G H q is the identity of the hypergroup and 
the involution is given by the identity mapping. These hypergroup structures are closely 
related with a product formula for Bessel functions of index p on the matrix cone Tl q and are 
therefore called Bessel hypergroups on Tl q . Indeed, the hypergroup characters are given in 
terms of matrix Bessel functions J^. We refer to the monograph |FK| for Bessel functions on 
cones, and to [R3J for the particular details. For general indices p, the Bessel hypergroups on 
Hq do not have a nice geometric (orbit) interpretation as in the cases p = pd/2 with integral 
p, but nevertheless the notion of random walks on these hypergroups is meaningful in the 
general cases just as well. 

1.5 Definition. Fix p > p — 1 and a probability measure v G M (ILq). A Bessel random 
walk (Sn) n >o ° n n<? of index p and with law v is a time-homogeneous Markov chain on U q 
with Sq = and transition probability 



for x G Tlq and Borel sets A <zH q . 

This notion is quite common on hypergroups (see [BHJ ) and was in particular used in [V3] 
for Bessel hypergroups on matrix cones and already in [K] for the one-dimensional case q = 1 
and F = R. The notion has its origin in the following well-known fact for the orbit cases 
p = pd/2 with p G N: If we fix a radial measure u p G M 1 (M Piq ) and consider a sequence of 
i.i.d. M Pj(? -valued random variables (Xf)i e ^ with law u p , then (v? P (^z=i Xf)) k>0 is a random 
walk on Tlq of index p with law (p p (v p ). Having this in mind, we can state generalizations of 
Theorems II. 31 and II .41 for such random walks on Ii q for indices p — > oo and time steps k — > oo. 
This will be done in Section 4 where we state and prove our results in this generality. The 
preceding limit results will then appear just as special cases. 

The proofs of the limit results in Section 4 are roughly as follows: As the characters of 
the Bessel hypergroups on Jl q can be expressed in terms of Bessel functions J^, the multi- 
dimensional Hankel transform on Ilg is just the hypergroup Fourier transform, and we can 
easily write down these transforms of the distributions of the Sn- On the other hand, we 
shall derive several uniform limit results for J^(px) as p — > oo. These results imply that 
the Hankel transforms tend to Laplace transforms of these distributions, which leads to the 




(1.1) 




(1.2) 



P(Sb 1 €A\S£ = x) = {5 x ^v){A) 
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stated limit theorems. We point out that the direct proofs of Theorems 11.31 and 11.41 are 
precisely the same as in the slightly more general setting adopted in our paper. 

The organization of this paper is as follows: In Section 2 we recapitulate some known 
results about Bessel functions and Bessel convolutions on matrix cones from [FK] [FT] [H] . and 
|R3j . The central part of the paper is Section 3, where we present several uniform asymptotic 
results for J^(fix) as \i — ► oo. Except for partial results proven by one of the authors already 
in [VI] for q = 1, these results seem to be new even in the one- variable case q = 1. This is 
surprising as in the classical monograph [Wj a complete Chapter is devoted to J^/ix) with 
[x — ► oo. In Section 4, the asymptotic results from Section 3 are transferred to certain classes 
of Dunkl-type Bessel functions associated with the root system B q . Finally, the results of 
Section 3 are used as a basis for the proofs of the laws of large numbers in Section 5 and the 
large deviation principle in Section 6. 

2 Bessel functions and Bessel hypergroups on matrix cones 

In this section we collect some known facts about Bessel functions on matrix cones and the 
associated Bessel hypergroups. The material is mainly taken from |FK] and [R3]. We also 
refer to the fundamental work [Hj of Herz, to [Di] and to [FT] . 

2.1 Bessel functions associated with matrix cones 

Let F be one of the real division algebras F = R, C or EI with real dimension d = 1, 2 
or 4 respectively. Denote the usual conjugation in F by t t, the real part of t £ F by 
<Kt = i(i + t), and by \t\ = (tt) 1/2 its norm. 

For p, q £ N we denote by M p>q := M Pi9 (F) the vector space of all p x q-matrices over F 
and put M q := M q (¥) := M ?j9 (F) for abbreviation. Let further 

H q = H q (¥) = {xe M q (¥) :x = x*} 

the space of Hermitian q x (/-matrices over F. All these spaces are real Euclidean vector 
spaces with scalar product (x,y) := 9\tr(x*y) and the associated norm ||x|| = (x,x) 1//2 . Here 
x* := x l and tr denotes the trace. The dimension of H q is given by dim^H q := q + ^q(q — 1). 
Let further 

H q := {x : x G H q } = {x*x : x £ H q } 

be the set of all positive semidefinite matrices in H q , and £l q its topological interior which 
consists of all strictly positive definite matrices. £l q is a symmetric cone, i.e. an open convex 
cone which is self-dual and whose linear automorphism group acts transitively; see |FK] for 
details. 

To define the Bessel functions associated with the symmetric cone £l q we first introduce 
their basic building blocks, the so-called spherical polynomials. These are just the polynomial 
spherical functions of tt q considered as a Riemannian symmetric space. They are indexed by 
partitions A = (Ai > A2 > . . . > X q ) G Nq (we write A > for short) and are given by 

$\(x) = / A A (nxu^ 1 )(in, x £ H q 
Ju q 

where du is the normalized Haar measure of U q and A\ is the power function 
A x (x) := Ai(x) Al - A2 A 2 (x) A2 - A3 • . . . • A q (x) x " (x G H q ). 
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The Aj(x) are the principal minors of the determinant A(cc), see [FKJ for details. There is 
a renormalization Z\ = c\§\ with constants c\ > depending on the underlying cone such 
that 

(trxf = z x( x ) for ^>°; C 2 - 1 ) 

|A|=fc 

see Section XI. 5. of [FK] where these Z\ are called zonal polynomials. By construction, the 
Z\ are invariant under conjugation by U q and thus depend only on the eigenvalues of their 
argument. More precisely, for x G H q with eigenvalues £ = (£1, . . . , £ 9 ) G M 9 , one has 

Z A (x) = C?(0 with a = ^ (2.2) 

where the C? are the Jack polynomials of index a in a suitable normalization (c.f. [FKJ, 
|Kaj . |R3]). The Jack polynomials C" are homogeneous of degree |A| and symmetric in their 
arguments. 

The matrix Bessel functions associated with the cone £l q are defined as o-^i-hyP er - 
geometric series in terms of the Z\, namely 

where for A = (Ax, . . . X q ) G Nq, the generalized Pochhammer symbol (^)\ is given by 

( M )a = (M)l /d where (») a x :=f[(n- -(J - 1)) A . (a > 0), 

and n G C is an index satisfying (/i)? 7^ for all A > 0. If q = 1, then Il q = ~R + and the 
Bessel function is independent of d with 




where j K (z) = + lj — z2 /4) is the usual modified Bessel function in one variable. 



2.2 Bessel hypergroups on matrix cones 

Hypergroups are convolution structures which generalize locally compact groups insofar as 
the convolution product of two point measures is in general not a point measure again, but 
just a probability measure on the underlying space. More precisely, a hypergroup (X, *) is 
a locally compact Hausdorff space X together with a convolution * on M^X) (the regular 
bounded Borel measures on X), such that (M&pT),*) becomes a Banach algebra, where * 
is weakly continuous, probability preserving and preserves compact supports of measures. 
Moreover, one requires an identity e G X with 5 e * 5 X = 5 X * 5 e = 5 X for x G X, as well 
as a continuous involution x 1— > x on X such that for all x,y G X, e G supp(5 x * 8 y ) is 
equivalent to x = y, and J 5 * by = (5 y * 5 X )~ . Here for fi G M&(X), the measure [i~ is given 
by n~(A) = fJ,(A~) for Borel sets A C X . A hypergroup (X,*) is called commutative if and 
only if so is the convolution *. Thus for a commutative hypergroup (X, *), the measure space 
Mb(X) becomes a commutative Banach-*-algebra with identity S e . Notice that due to its 
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weak continuity, the convolution of measures on a hypergroup is uniquely determined by the 
convolution product of point measures. 

On a commutative hypergroup (X, *) there exists a (up to a multiplicative factor) unique 
Haar measure u, i.e. a; is a positive Radon measure on X satisfying 

/ S x * 6 y (f)Mv) = I fiv)Mv) for aHiel./e C C (X). 
Jx Jx 

The decisive object for harmonic analysis on a commutative hypergroup is its dual space, 
which is defined by 

X := {ip G C b (X) : ip / 0, ip(x) = cp(x), 5 X * 5 y (tp) = tp(x)<p(y) for all x, y G X}. 

The elements of X are also called characters. As in the case of LCA groups, the dual of a 
commutative hypergroup is a locally compact Hausdorff space with the topology of locally 
uniform convergence and can be identified with the symmetric spectrum of the convolution 
algebra L 1 (X, uj). 

The following theorem contains some of the main results of |R3| . 
2.1 Theorem. Let with \i > p — 1. Then 

(a) The assignment 

(*r*/A)(/) := — / fW r2 + s2 + svr + rv * s ) &{I-w*y- p dv, /GC(IL) (2.4) 

with as in ( fi.ffj) . defines a commutative hypergroup structure on H q with neutral 
element G II 9 and the identity mapping as involution. The support of 5 r *^5 s satisfies 

supp(5 r * M S s ) C {t G II 9 : ||t|| < ||r|| + ||s||}. 

(b) ^4 ifaar measure of the hypergroup n 9At ■= (II 9 , * M ) is given fry 

= =^r / /(y^)A(r)^r 

7 = - |(g - 1) — 1. 

(c) The dual space of n 9iAt is given by 

n gjjU = {</2 s : s G n 9 } 

y«(r) := J»(-rs 2 r) = <p r (s). 

TTte hypergroup IL „ is self-dual via the homeomorphism sn^ s . Under this identifi- 
cation ofUq^n with n 9i/i , i/ie Plancherel measure on n 9iAt is (2ir)~~ 2 ^ q uJ ll . 
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3 Estimates for Bessel functions of large indices 

We first recapitulate the following well known one-dimensional inequalities for the exponential 
function (see, for instance, Sections 3.6.2 and 3.6.3 of [MiJ): 

(1 - z/r) r < e~ z for r>0,z£ M, (3.1) 

< e~ z - (1 - z/r) r < z 2 e~ z /r for r, z G R, r > 1, \z\ < r; (3.2) 
{l+z/r) r <e z <{l + z/r) r+z ' 2 for r, z > 0. (3.3) 
These results have the following matrix-valued extension: 
3.1 Lemma. (1) For all fi > 1 and v G • A? C M ? , 

< e -(«.*> - A(/ - -v%Y < -tr((v*v) 2 ) ■ e~ {v ' v) . 

(2) For all > and w G M q , 

A(/ + -u*<i;f < < A(7 + I v *t,)"-W 2 

where m > is the maximal eigenvalue ofv*v. 
Proof. (1) The positive semidefinite matrix v*v may be written as 

v*v = u ■ diag(a\, 02, . . . , , a q ) ■ u* 
with some u G U q and the eigenvalues a\, . . . , a q G [0, m] of Then 



1 1 
A(I--v%r = l[(l-a k /^Y 



and (v,v) = tr(v*v) = a\ + . . . + a q . Using (|3.2[) and a telescope sum argument, we 
obtain 



< e ~M - A(I - -v*i 

=E[n( i - a ^-( e " ai -( i - a ^)- n e_afc ] 

1=1 k=l k=l+l 

^EDl^W = -tr((v%) 2 )-e-^ 
" l=l k=i " 



as claimed. 

(2) is proven in the same way by use of (|3.3p . 



□ 



Our first estimate for the Bessel functions J M as [x — > 00 will be based on the following 
integral representation of J M for fj, > p — 1 (see Eq. (3.12) of [R3J): 

J^x*x)= — [ e- 2l ^A(I-v*vY- p dv. (3.4) 



3.2 Proposition. There exists a constant C = C(g, d) > such that for p > p — 1 and all 

x e M g , 

\j^px*x)-e~ ( > x ^\<C/p 

and 

Proof. In a first step we obtain for x G M g , 

1 



I? 



e -i(v,x) A(I - ~v*v)>*-p dv 

y^-D q P 



i(v,x) e -(v,v) dy 



M 



< 



(v,v) dv + I ^-(^(l-p/M) _ A(J - L-Bhi v * v )^ dv 



p- p 



By Lemma 13. 1( 1) for p — p instead of p and with the elementary estimate 

e z - 1 < (e p - l)z for z e [0, p] 
we further obtain that for p > 2p, 



< 



p 



-^l 2 tr{{v*v) 2 ) dv + 



(e p - l)p 



>> u > (v,v) dv 



(3.5) 



with suitable constants C\, C2 > 0. We next observe that M q ~ M. dq implies 

e -i{v,x) e -{v,v) dv = . e -(x,x)/4_ ^ 

M q 

Moreover, replacing x by (y/p/2) ■ x and v by (l/^/p) ■ v in integral representation (|3,4p . we 
obtain 



J M (-x*x) 



5 * / e-^Afl-ii/u^'dt;. 

P dq2/2 ^J^-D q P 



(3.7) 



We now conclude from (|3.5[) . (|3.6|) and (|3.7() that for p> 2p and x G M, 



For x = we in particular observe that 

|^ /2 « M -^ /2 |<C2//X. 
As \Jp(%x*x)\ < 1 by (J3I3D, it follows for p> 2p and cc £ M 9 that 



(3.8) 



|J M (M x * x )_ e -(«v.>/*| 



<|J^xV)|-|l 



•4 

<c 3 Au 



7T 



with some constant C3 > 0. Together with (13.8|) . this implies the statements of the proposi- 
tion in case p > 2p. Within the range p — 1 < p < 2p, the proposition is immediate in view 



of the estimate \J fJi (px*x)\ < 1 for all x £ M q 



□ 
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In the following, we shall derive a variant of Proposition 13.21 which is based on the power 
series (j2.3|) and provides a good estimate for small arguments. We start with some basic 
inequalities for the zonal polynomials Zy. 

3.3 Lemma. For all partitions A > and and y £ Ii q , 

\Zx{~y)\ < Z x (y). 

Proof. We use the relation between the Z\ and the Jack polynomials C? in Section 2 and 
the well-known fact that the C? are nonnegative linear combinations of monomials, see |KSj . 
This yields for the eigenvalues £ = (£i, . . . , £ q ) of — y and |£| := (|£i|, . . . , of y that 

\Z x {-y)\ = \C^)\<C^\)=Z x {y). 



□ 



3.4 Lemma. For all partitions A > 0, p > p — 1 and (p)\ = (p) 



2/d 
A ' 



(/*); 



< d 2 dg(9-l)/2. 



Proof. Consider (p)\ = Yl^iil 1 ~ f (i — • I n this product, each factor can be estimated 
below by p — |(q — 1). Moreover, precisely 

(0 + l + ... + (g-l))rd/2l = =:r 
of these factors are smaller than p. As p > p — 1 = cf(g — 1/2), this implies 

(Ph > (p - ^(q - l)) r • p^ r 



> 



(p/2) r p 



\X\-r > 2 -dq(q-l)/2 . [A^ 



and thus 



P W /(p)x < 2 d ^-^ 2 . 
We now prove by induction on the length k := |A| that for p > p — 1 = d(q — 1/2), 



(3.9) 



1 



< 



dq 



(m)a " 2(M-d(?-l)/2) 



. 2 dg(9-i)/2uii 



(3.10) 



which immediately implies the lemma. In fact, for k = 0,1, the left hand side of (13.101) is 
equal to zero, while the right-hand side is nonnegative. 

For the induction step, consider a partition A of length k > 2. Then there is a partition 
A with |A| = k — 1 for which there exists precisely one j = l,...,q with Aj = Xj + 1 while 
all the other components are equal. Hence, if we assume the inequality to hold for A and use 
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(|3.9p . we obtain 
,k 



1 



(/*) 



U - V^- + 



(p)x 



< 



dq 



< 



< 



< 



H-d{q-\)/2 
dq 

fi-d(q-l)/2 

2 dq(q-l)/2-l 

V-d{q- l)/2 
2 rfg(9-l)/2-l 



• 2 ^(0-l)/2-l . (fc _ 1)2 + 



2 , M 



fc-1 



. 2 rf«(«-l)/2-l . (h _ ]_)2 + 2 dq(q-l)/2 . 



dq(k - l) 2 + dq + 2/c - 2 



(/i - d(j - l)/2) + Aj — 1 
-d(j - l)/2 + Xj — 1 



(// - d(j - l)/2) + Aj — 1 



M -%-l)/2 

for k > 2. This completes the proof. □ 
3.5 Proposition. There exists a constant C = C(q,d) > such that for f/, > 2p and y G n g , 

,(try) 2 



Proof. Using the power series (|2.3p as well as (|2.ip in terms of the homogeneous polynomials 
Z\, we obtain 

i /M |A| 



A>0 



As 



O)(i,o,-,o) = A»> (m)(2,o,...,o) = MO + 1)> (aO(i,i,o,...,o) = - d/2), 
we may write this expansion as 

Mtiy)-e~ tr y = R 2 + Rs 

with 



i?9 



1 



2W M ( M + 1) 



i)^(2,o,-,o)(-y) + 



A*CA* " d/2) 



(1,1,0, 



.,o)(-y) 



and 



k>3 \\\=k VWA 

Recall from Lemma 13.31 that \Z\(— y)\ < Z\(y) and Z\{y) > 0. Hence Eq. (|2.1[) implies for 

|A| = 2 that \Z x {-y)\ < {try) 2 . Therefore, \R 2 \ < Mi^- with a suitable constant M x > 0. 
Moreover, Lemmata 13.31 and 13.41 imply that 



fc>3 |A|=fc ^ ^ fc>3 

< ^(tr y ) 2 ^l(try) fc < **Vy)V» 



fe>i 



(3.11) 
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with a constant M2 > 0. In summary we have 



\Upy) - e~ try \ < M 3 ■ • (1 + e tTy ). 

P 

Together with the estimate of Proposition 13.21 for large y, this yields the stated result. □ 
Summarizing Propositions 13.21 and 13.51 we obtain: 

3.6 Theorem. There exists a constant C = C(q,d) > such that for p > 2p and y 6 U q , 

\j^y)-e~ tr y\ <--min(l,(try) 2 ), 
p 

We next turn to an estimate for J^(-py) with y 6 Tig. In order to simplify formulas, we 
replace the factor p in the argument by p — p. 

3.7 Proposition. There exists a constant C = C(q,d) > such that for p > 2p and all 

x £ M q , 

C, 



where 



e^(l-^\\xf-H(x,^p7=p)) < J fl (-(p-p)x*x)<e^(l + C/p) 

H(x,r):=[ e -MI 2 dv for r > 0. 
Jm 



>M q \rD q 

Proof. We first conclude (by analytic continuation) from integral representation (|3.4p that 

1 f ,/..„*.,_ 1 



Jn(-(p- p) x x ) 



(p - p)*?/*^ J^- p . Dq 
Moreover, Proposition 13.21 implies that 

1 



A(J 



p-p 



-v*vY~ p dv. (3.12) 



7T 



dq 2 /2 



0(1/(1). 



(p-p)^/2^ 

We next estimate the integral in (|3.12p . For this we use Lemma 13.1( 1) and observe that 

3 2(v,x) A (j l _ v * v y- P dv< I e 2 M e -M dv 



(3.13) 



H-p-D q 



p-p 



% dq 2 /2 e {x,x) _ 



Together with Eq. ([3TT2]) and ([313]) this yields 

J„(-(p - p)x*x) < (tt- 4 * 2 / 2 + 0(1/ p)) ■ •n d #l 2 e ( w\ 

This proves the upper estimate as claimed. 

For the lower estimate, we use Lemma 13. If 1) again. We obtain 



,2(v,x) 



A(I — V* V )»- p dv > [ e 2(v,x)-(v,v) . ^ —tr((v*v) 2 )) dv 

J=p-D q I 1 — P J V/I=p.D, P ~ P 

e 2(v,x)-(v,v) dy _J 1 X _ h 

I Ma P-P 



^/2 e {x,x) _ h 



1 

p-p 



-h 
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with 

h := I e 2(v,x)-(v,v) dy 

JM q \^/JJ^-D q 

and 

I 2 := ! e 3(*,*>-(«,«> . tr{{v*vf) dv. 

We have 

h = e< x ' x > • / e -lk-^ll 2 ^ = e (*,*> . V^p) 

J M q \ v r JI^p-D q 

and 

/ 2 = e (*.*> . f e -\\v-x\\ 2 . tr {{v*vf) dv = e< x ' x > • 0(||x|| 4 ), 



which finally leads to the lower estimate. □ 

4 Estimates for Dunkl-type Bessel functions associated with 
root systems of type B 

There is a close connection between Bessel convolutions on the cone Tl q and the theory of 
Dunkl operators associated with the root system B q which is explained in [R3]. In this 
short section, we shall recall this connection and use it to obtain asymptotic relations be- 
tween certain classes of Dunkl-type Bessel functions, which can be expressed as generalized 
hypergeometric functions in terms of Jack polynomials. This section is independent of the 
remaining parts of this paper and may be skipped by readers interested in the probabilis- 
tic results only. Also, we shall not go into details of Dunkl theory, but refer the reader to 
|DXj . [RlJ and [R2| . For multivariable hypergeometric functions, see e.g. |GR| and [Ka| . 
In the following, we always assume that q > 2. For a reduced root system i?cK' and a 
multiplicity function k : R —* C (i.e. k is invariant under the action of the corresponding 
reflection group), we denote by = Jj? the Dunkl-type Bessel function associated with R 
and k. It is obtained from the Dunkl kernel by symmetrization with respect to the underlying 
reflection group. Dunkl-type Bessel functions generalize the spherical functions of Euclidean 
type symmetric spaces, which occur for crystallographic root systems and specific discrete 
values of k. For the root system A q -\ = {±(ej — ej) : i < j} C M 9 , the multiplicity k is a 
single complex parameter and if k > 0, then the associated Dunkl-type Bessel function can 
be expressed as a generalized o-^b-hypergeometric function, 

Jffov) = oF a (C,v) ■= E TTjT • C *f«m iTl) With 1 = (1.- -.I). ° = V*. 

A>0 ' x ^ ' 

due to relations (3.22) and (3.37) of |BF| . For the root system B q = {±ej, ie, ± ej : i < j}, 
the multiplicity is of the form k = (ki, £2) where k\ and k 2 are the values on the roots ie, 
and iej ± ej respectively. The associated Dunkl-type Bessel function is given by 

pi J2 

J?{t,v) = oF?{fi; y, f) with a = l/k 2 , f i = k 1 + (q- l)k 2 + 1/2 
where £ 2 = and 
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Recall now that the characters of the hypergroup Tl q „ on the matrix cone U q are given 
by (f s (r) = J^(^sr 2 s). The conjugation action x i— » uxuT 1 of the unitary group U q = U q (W) 
on Ilg induces a new commutative hypergroup structure on the set of possible eigenvalues of 
matrices from Ilg ordered by size, i.e. the -Bg-Weyl chamber 

s g = {£ = (6, • • • e R q : Ci > • • • > e g > 0}. 

This hypergroup on H g depends on d and Its characters are given by the functions 

M0= [ M-Vueu'^du = J? M (Z,ir)), r,G5, (4.1) 

J Uq 

where k(fi,d) = (fj,— (d(q— l) + l)/2, d/2) (and elements from E q are identified with diagonal 
matrices in the natural way). For details, see Section 4 of [R3]. The estimates for the matrix 
Bessel functions Ju according to Theorem [3T6] imply the following estimate for the Dunkl-type 
Bessel function JB^^ as fi — > oo. 

4.1 Corollary. There exists a constant C = C(q, d) > such that for \i > 2p and £, r/ 6 H g; 
I^CVM^i*/) " ^ ^•min(l,(|C 2 ||r ? 2 |) 2 ) 

where |£| = (£ 2 + . . . C 2 ) 1//2 denotes the standard Euclidean norm in WL q . 
Proof. For k = k((i,d) we obtain by Eq. (14. ip and Theorem 13.61 the estimate 

jgpy/ji^iT,) - [ e-^^'^du < --min(l, 5(^,7?)) 
where 

Sforj) = /" Ur^VS)! 2 ^ = / K^^fu-^du < |£ 2 | 2 |r/ 2 | 2 



by the Cauchy-Schwarz inequality. The spherical polynomials Z\ satisfy the product formula 
Zx(r)Z x (s) 



l Z\{yprusu x ^fr)du for r, s £ U q , 
Ju q 

see Prop. 5.5. of |GR| . Thus by Eq. (|2.ip and (|2.2p we further obtain, with a = 2/d, 

7C7, A>0 |A| ^ 

- ^ - oF Q (-£ ), (4.2) 

which implies the assertion. □ 

4.2 Remarks. (1) It is conjectured that the statement of this corollary remains valid for 
arbitrary d E M with d > 0. 

(2) The integral on the left side of formula (|4.2p is of Harish-Chandra type. If F = C, then 
by Theorem II. 5.35 of [Hel] it can be written as an alternating sum 



/ 

J u, 



" view) ^ s9n ^ w > e 

^ J W ' W&Sg 



where ( . , . ) denotes the usual Euclidean scalar product in W 1 and 7r(£) = n^te ~~ Cj) 
is the fundamental alternating polynomial. 
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5 Laws of large numbers 



Let v G M (IL q ) be a probability measure and /x > p — 1 = — 1/2) a fixed index. We say 
that a time-homogeneous Markov chain (S^)k>o on U q is a Bessel-type random walk on H q 
of index p with law if Sq = and if its transition probability is given by 

P(S^ +1 eA\S^ = x) = {5 x *,v){A) 

for all k G No, x G II g and Borel sets 4 C 11,,. It is easily checked by induction on k that 
the distribution of is just the /c-fold convolution power u^'^ = v *^ v *^ . . . * M v of v 
with respect to the Bessel convolution of index p. As announced in the introduction, we are 
interested in limit theorems for the random variables Sj£ as k, p —* oo. Our first result in this 
direction is the following weak law of large numbers: 

5.1 Theorem. Let v G M 1 (H q ) be a probability measure with finite second moment 

a 2 (v) := [ s 2 du(s) G U q , 

and let (pk)keN C]/9 — l,oo[ be an arbitrary sequence of indices with limk—,oo = oo. Let 
S^ k be the k-th member of the Bessel-type random walk of index p,k with law v. Then 

in probability as k ^ oo. 

This first main result has the following consequence which was stated as Theorem 11.31 in 
the introduction: 

5.2 Corollary. Let v G M^LTg) be a probability measure with finite second moment o~ 2 (v) G 
Ilq. For each dimension p G N consider the unique Up-invariant probability measure v v G 
M 1 (M P} q) with (fpivp) = v where ip p : M Piq — » H q , x \— > (x*x) 1 ^ 2 , is the canonical projection. 
Let further (Xf)i^ be a sequence of i.i.d. M VA -valued random variables with law v p . Then 
for each sequence (pk)keN C N of dimensions with liuik^oo Pk = oo> the H q -valued random 
variables 

tend in probability to the constant \foHy) ■ 

Proof. This is clear from Theorem 15.11 because (v^p (X^f=i ^i))k>o * s a Bessel-type random 
walk on U q with index p = pd/2. □ 

The proof of Theorem 15.11 relies on estimates for matrix Bessel functions from the pre- 
ceding section and on standard properties of the Laplace transform on matrix cones. These 
properties are likely to be known but we include them for the reader's convenience. 

Recall that the Laplace transform Lu G Cb(Tl q ) of a measure v G M 1 (H g ) is defined by 

Lu(x) = [ e~ {x > y) dv{y), x G U q . 
Jn q 

The Laplace transform on the cone LT^ satisfies the following Levy-type continuity theorem. 
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5.3 Proposition. For probability measures u, (vk)k>i £ M (IL q ) the following statements 
are equivalent: 

(1) f/. — ► v weakly. 

(2) Lvk{x) — ► Lv{x) for all x E U q . 

(3) Li>k{x) — ► Lv(x) for all x E O g . 

Proof. (1) =>- (2) ==> (3) is obvious. For (3) ==> (1) observe that for x E O g , the exponential 
function e x (y) := e~( x ' y ' is contained in Co(n g ), i.e. it vanishes at infinity. Moreover, the 
linear span of {e x , x E £l q } is a ||.| loo-dense subspace of Co(Tl q ) by the Stone- Weierstrass 
theorem. It follows from (3) and a 3e-argument that J f dv k J f dv for all / E Co(U q ) 
which implies (1). □ 

The following result can be readily derived from the dominated convergence theorem as 
in the classical setting: 

5.4 Lemma. Let v E M (JJ q ) be a probability measure which admits r-th moments forr E N ; 
i.e., J n \\y\\ r dv{r) < oo. Then Lv is r-times continuously differentiable on 

Using the Taylor formula at E II„, we in particular obtain: 



5.5 Corollary. Let v E M (Tl q ) with finite second moment cr 2 (u) E H q . Then 
e -(sx,sx) = 1 _ tr ( xa 2( u ) x j + (\\x\\ 2 ) as x^O in U q . 



J 

Jn, 



(5.1) 



Moreover, if v E M 1 (n g ) admits fourth moments, then even 0(||x|| 4 ) is true instead of 



o x 



in 



relation 115. 1\) . 



The following result is a variant of the preceding corollary: 

5.6 Lemma. Let v E M 1 (II g ) with finite second moment a" '(v) E Tl q , and let (nk)k>i C]0, oo[ 
be as in Theorem \5.1\ Then for each x £ IL q , 



1 



/ J,,!?,,',) *,(.) = 1 - ifr(x»»(,)») + „(||X||V*) HS h — t oo. 

JTlq k K 

Moreover, if u E M (H q ) admits fourth moments, then the error term o(l/k) can be replaced 
by 

0{\\x\\ 4 /k 2 + \\x\\ 2 /(k^ k )). 
Proof. We first conclude from Theorem 13.61 that for y E Uq, 



\j^ky)-e- try \<-try. 



Therefore 



J »k { -J XS X ) ~ e " 



dv(s) < 



k^k Jn 



< 



c x 



< 



kfj,k 

~ll Il2 

c\\x\\ 
k[i k 



tr{xs 2 x) dv(s) 
\\s\\ 2 du(s) 
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with suitable constants c, c > 0. On the other hand, we conclude from Corollary 15.51 that 



/ 



-i*r(x- a x) = 1 _ Lr(xa 2 (u)x) + o(^) 

k k 



which yields the first claim. The second statement follows readily from the second statement 
in Corollary 15.51 □ 

Proof of Theorem \5.1[ Let be the fc-fold Bessel convolution power of v with index \x^. 

Then i/ fc >^ fe ) is the distribution of the random variable Sj£ k . Being hypergroup characters, 
the matrix Bessel functions s \— > J^(xs 2 x) are multiplicative w.r.t. the Bessel convolution of 
index [i. Together with the preceding lemma this implies that 



l im f J (f± xs 2 x)du^\s) 



(1 \ ^ 

1 — — tr(xa 2 {v)x) + o(l/k) 
k 



_ e -tr(xa (y)x) _. A( X ). (5.2) 

We thus conclude from Proposition 13.21 that 

lim f e~^ tr{xs2x) diy (k '^\s) = lim f J^J ^xs 2 x) du^\s) = A(a 



(x) 



for x £ Tig. From this we conclude (after a quadratic transformation of the argument) that 
the Laplace transforms of the distributions of (S^ k ) 2 /k tend to the Laplace transform of the 
point measure o~o 2 (y) on ^ q as k — > oo. The theorem now follows from Proposition 15.31 □ 

We next turn to a strong law of large numbers which generalizes Theorems 11.21 and 11.41 

5.7 Theorem. Let v G M 1 (U q ) be a probability measure with compact support. Let (/J,k)keN C 
\p— l,oo[ be an arbitrary sequence of indices and (n&)fceN C N a sequence of time steps with 
the following properties: 

(1) lirm ; _ >0O [i^jk 0, = oo for all a 6 N; 

(2) limfc-,.00 (n^(m A;) 2 ) = oo; 

(3) lim^oonfc/On/c) 2 = oo. 

Lei fre i/ie n^-th member of the Bessel-type random walk of index fik with law v. Then, 



for k — > oo almost surely. 

As for the WLLN in the beginning of this section, this theorem immediately implies 
Theorems [L2] and PI 

Recall that the dimension of H q as a real vector space is given by n = q + ^q(q — 1). The 
proof of Theorem 15.71 relies on the following elementary observation: 
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5.8 Lemma. There exist matrices b\, . . . , b n E II„ such that for all a G IL, and sequences 
( a k)keN C Tig we have a k — > a if and only if (bj,a k ) — > (bj,a) for all j = 1, . . . , n. 

Proof. If b\, . . . , b n is any IR-basis of the vector space H q of Hermitian matrices with dimension 
n = q + q{q — l)d/2, then obviously a k — > a if and only if (bj,a k ) — ► {bj, a) for all j = 1, . . . , n. 
On the other hand, we can find a basis consisting of elements from Tl q . For instance, we may 
take the q diagonal matrices of the form diag(0, . . . , 0, 1, 0, . . . , 0) together with the matrices 
of the form 

^^ki + ^en, (5.3) 

for 1 < i < j < q and the I G F with \l\ =1 forming an K-basis of F where the &i j are 
the elementary matrices with 1 in the (i, j')-coordinate and otherwise. Notice that these 
matrices are positive definite by the Gershgorin criterion. □ 



Proof of Theorem 5.7 Let fi k and n k be given as in the theorem. By Lemma 15.81 it suffices 
to prove that for each c € H q , 

— {(?AS^tf) -> (cW)> almost surely. (5.4) 
n k 

For this we shall prove for each e > that 

p(-(c 2 ,(5^) 2 ) > <cV»>+ £ ) =0(l/k 2 ) (5.5) 

and 

p(-(c 2 , (S»lf) < (c\o\v)) -e)= 0(l/k 2 ). (5.6) 

Relation (|5.4p then follows immediately from the Borel-Cantelli lemma. 

We first turn to the proof of relation (|5.6p . Here we proceed as in the beginning of the 
proof of Lemma 15.61 and conclude from Theorem 13.61 that 

«/ Ilq 

= / jJ 2 -^-cs\)d^Xs) + 0(±). 
Jn q Mfc V e-n k J \fi k J 

= (/ J» (^-M <M»))"' +0(-L). (5.7) 

Moreover, using the stronger statement of Lemma 15.61 Eq. (|3.ip . and the assumptions (1) 
and (3) of the theorem, we obtain 



( 2\i k Ink 2 > \ 



n 9 e-nk 



2 In A: . 2 . , , ^f(\nk) 2 In A; \\«* 

1 ir(ca 2 (i/)c) + + 

e-n fc \ n% n k ^ k J ) 



< e-^'M^Mc) . 0( i) (5i 
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The Markov inequality and estimates (|5.7p . (|5.8p now lead to 

p(-(c 2 ,(^) 2 )<(c 2 ,a 2 (z,))- £ ) 



< ■ E(e e '"fe fc ) 

V Vp fe 

with a suitable constant a = a(e, c) > 0. Condition (1) of the theorem now completes the 
proof of (15. 6p , 

We now turn to the proof of relation (|5.5j) . Assume that supp v C {x E IL q : ||ic||2 < M} 
holds for a suitable constant M > 0. Then by the support properties of the Bessel convolution 
on Il q , we have for all k E N 

supp z>^) c{ien,: ||x|| 2 < n k M}. (5.9) 

We now consider the function H and the constant C > of Proposition 13.71 We conclude 
from Eq. (|5.9p and condition (2) of the theorem that for all sequences s^ G supp p\ n k^k) ^ 



S^flMt^Q and 1 

Mfc^ V/Ufc - p | n t 

Thus by the definition of if we have for each c£ll 9 



H (\ — — ■ cs k, Vvk - p) 

and 



'21nfc 



' 4C (lnfc) 2 ||g||^ 
e 2 /i^n 2 , 

remains bounded as k — > oo and s G suppu^ nk '^ k \ This fact together with the estimates of 
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Proposition 13.71 and conditions (2) and (3) of the theorem imply that 



/ Hs±.tr(c{S^) 2 c)\ f 2l2Jz. t r(cs 2 c) , ( n , u .), \ 

E[e en k yyn k J 'j = / e e - n k v ' dv { k ^ k) (s) 



^ (-(M* - P)— ■ cs 2 c) du^\s) • 0(1) 
J» k Ut*k - P)^~ ■ cs 2 c) du(s)Y k ■ Oil) 
dv{s)) nk .(l + C/vk) nk -0(1) 

- (/ ( 1 + TV ' tr(cs2c) + °(( lnfc M) 2 )) ^(s))" fc e Cnfc/Mfc • 0(1) 

2 In & \ n k 

1 + tr(ca 2 (^)c) + 0((ln k/n k f) ) • O(l) 

e • nt. / 



e • n fc 

, , -tr(cs 2 c) , , N \ n fe 

n 9 



2 In A; . , N „,,„ , , , , s \ n k 

e ■ n k 

21nfe , o, s , , , s9s\ n fc 

< e ^'M- 2 Mc). 0(1) . (5 . 10) 



Employing again the Markov inequality we thus obtain 



P 



(Uc\(S^?)>(c\o\v)) + £) 



tr(c(S£*) 2 c)s 



< ■ E(e £ ' n k "' ^ v " nfc 



<e~ 21nfc -0(l) = 0(l/£; 2 ) 
as claimed. This proves Eq. (|5.5p and completes the proof of the theorem. □ 



5.9 Remarks. (1) Let us briefly comment on the conditions of Theorem 15.71 The most 
interesting case appears for n k = k, where only the growth condition (1) on the indices 
/ijt and the compact support condition for v remain. Condition (1) is the essential 
condition in the end of the proof of Eq. (|5.6|) . and we see no possibility to weaken 
this one. On the other hand, the compact support of v has been used mainly in 
order to derive estimate (I5.10P in a smooth way. We expect that here somewhat more 
involved estimations (for example, by using Holders inequality in between) might also 
lead to (|5.10p under weaker conditions on the support of v. It is however clear that 
any proof along our approach will need that square-exponential moments of v exist, 
i.e. J n e * r ( cs2c ) dv{s) < oo for all c G IT,. 

(2) We expect that there exist also central limit theorems associated with the laws of 
large numbers above. In particular, the convergence of ^-distributions to normal 
distributions for q = 1 and convergence of Wishart distributions to multidimensional 
normal distributions for q > 2 suggest that in a CLT normal distributions appear as 
limits after taking squares after suitable renormalizations. 

(3) Let us briefly return to the case q = 1 discussed in Theorems 11.11 and 11.21 In this 
context one might ask for limit theorems for series of random walks on series of two- 
point homogeneous spaces where the number of steps and the dimensions of these spaces 
tend to infinity. For spheres and projective spaces over F = M, C or H, central limit 
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theorems were given in [V2j and references cited therein. It should also be interesting 
to study the non-compact cases, i.e. random walks on hyperbolic spaces. 

(4) As explained in Section 4, there is a close connection between Bessel convolutions on 
the matrix cones Jl q and the theory of Dunkl operators on a B q -Weyl chamber in M q 
for certain indices. It is clear that we may project Theorems 15.11 and 15.71 to these 
particular cases. We do not state this result separately. Under the hypothesis that 
Dunkl operators are related to commutative hypergroups on Weyl chambers for all 
root systems and all positive multiplicities (see [R2j), it will become an interesting 
question in Dunkl theory whether there exist laws of large numbers for random walks 
on Weyl chambers similar to Theorems 15.11 and 15.71 when the multiplicities of Dunkl 
theory tend to infinity. 

6 A large deviation principle 

In this section we derive a large deviation principle (LDP) for q = 1 and F = R which fits 
to the laws of large numbers given in Theorems 11.11 and 11.21 Before going into details we 
explain the restriction q = 1. Our proof of a LDP will be based on the limits 



(in the notion of the preceding section) together with a standard result from LDP theory (see 
e.g. Theorem II. 6.1 of Ellis [E]) which states that suitable convergence of Laplace transforms 
implies a LDP. Unfortunately we can prove this convergence only for matrices of the form 
dbc G H q with c G H q , as our convergence proofs depend on estimates for the Bessel functions 
which were derived in Section 3 from the integral representation (|3.4jl which is not available 
for arbitrary matrices c G H q for q > 2. We therefore restrict our attention to q = 1 and 
consider the Bessel-type random walks (Su)k>o on [0, oo[= IIi of indices \i with fixed law 



6.1 Proposition. Let v G M (IL q ) be a probability measure with compact support. Let 
(A t fe)fceN C]l/2,oo[ be a sequence of indices and {n k ) k ^ C N a sequence of time steps with 
n k — > oo and limfc_ +00 e ank / fi k = for all a > 0. Then, Ck(t) : = ^ hiE{e t<ySn k^ ) converges 
for i £ 1 and k — ► oo to 
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Proof. We proceed as the proof of Theorem 15.71 The case t = is trivial. Now let t > and 
put h(t) := Jq°° e ts dv(s). Using Theorem 13.61 twice, we obtain that 




for k — > oo and all c G H q 



(6.1) 



v G M^fCoof). 





nk 
1 




L 



oo 



J^ k t S 2 )dv^\ S ) + 0{l/^ k )) 

j^kts 2 ) du( s )y k + o(i//i fc )) 



( 



L 



oo 




hx(h(-t) + 0(l/n k )) + — lnf 1 + 



(h(-t) + 0(l/^ fc )) n *M* 



1 



) - c(-t) (6.2) 
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by the convergence conditions of the theorem. Furthermore, we obtain from the estimations 
in Proposition 13.71 and with the notions there that 



/ e ts ( s ) > (1 + Oil/^))- 1 • / J w (-(m* - 3/2)ts 2 ) dv^^\s) 

'0 Jo 



oo 
oo 



= (1 + 0(l/// & ))- 1 • ( y J Mfc (-(^ fc - 3/2)ts 2 ) dv(s)) nk 

-I /-OO _ 

> 1 + ) ( / ^ i 1 - ^//^ - H(sVt, vV* - 3/2)J di/(s) 

As [...]—> 1 uniformly on the compact set supp v, it follows readily that liminf Ck(t) > c(i). 
Finally, Proposition 13. 7^ supp v^ rik ^ k " > C [0, MnJ for a suitable M > 0, and the convergence 
condition of the theorem imply 
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and thus limsupcfc(t) < c(t). In summary, Cfc(i) — > c(t) for t > which completes the 
proof. □ 

Notice that the very strong convergence condition in the proposition was needed in the end 
of (|6.2p only where h(—t) < 1 may become arbitrarily small. This is caused by the fact that 
the difference estimation in Theorem 13.61 does not fit well to the " multiplicative" structure 
of LDPs. For all other estimates in the proof above much weaker polynomial convergence 
conditions are sufficient. 

We here notice that the free energy function c of Proposition 16.11 is precisely the same as 
for the classical LDP of Cramer for sums of i.i.d. random variables on [0, oof with common 
law v (see e.g. Ch. II. 4 of [E]). Moreover, Proposition 16.11 together with Theorem II. 6.1 of 
Ellis [E] immediately imply that in the setting of Proposition 16.1} the distributions of the 
random variables (Sn£) 2 have the large deviation property with scaling parameters and 
the rate function 

1(a) :=sup(st-c(t)) (a € R) 
in the sense of Definition II. 3.1 of [Ej. We skip the details here. 

6.2 Remark. If the conditions of Proposition [BTTI are satisfied, we obtain that the free energy 
function c is differentiable on R with c'(0) = (J 2 {v) > 0. Theorems II. 6. 3 and II. 6. 4 of [E] now 
imply that (after taking square roots) Snl/y/nk converges to \J a 2 {y) almost surely. Notice 
that this strong law of large numbers (SLLN) holds under conditions which are slightly 
different from those in Theorem 15.71 for q = 1. This SLLN can be also derived directly 
for arbitrary q > 1 similar to the proof of Theorem 15.71 As the conditions concerning the 
parameters are extremely strong here, we omit details. 
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